Abstract-Installing a thyristor controlled series capacitor (TCSC) device on a transmission network reduces network congestion and generation cost. We formulate the TCSC locationallocation problem as a mixed integer nonlinear program, and propose a novel decomposition procedure for determining the optimal location of TCSCs and their respective size for a network. The load uncertainty, AC characteristic of transmission lines, and nonlinear cost of TCSCs explicitly are considered. The results of applying the procedure to the IEEE 118-bus test system are reported, and insights into the TCSC location-allocation problem are provided.
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I. INTRODUCTION
A PPROPRIATE design and efficient operation of components of a power system reduce the cost of electric power generation and distribution and benefit consumers. A vital component of a power system is its transmission network. The cost of electricity increases when power flow congestion appears in the transmission network. In recent years, the probability of having a power flow congestion in the network has increased. This increase is primarily due to a) restructuring of the power system toward a deregulated market-oriented system, b) high penetration and scattered locations of non-dispatchable renewable energy sources, and c) an anticipated increase in power consumption. The increase in instances of power flow congestion has accentuated the power flow limitations of the existing transmission network.
An obvious approach to mitigate the network limitation is to expand the network by building new transmission lines. Building a new transmission line is capital intensive and necessitates a long permitting lead time. A less capital intensive alternative, with minimal permitting lead time for easing the network limitations, is to increase the power flow capacity of bottlenecked lines. This alternative delays the network's expansion of capital outlay and improves the existing asset utilization. Improving asset utilization improves the investors' returns and reduces consumers' costs [1] and [2] .
Devices for improving the power flow capability of a transmission line are generally referred to as flexible alternating current transmission system (FACTS) devices. Installation of a FACTS device, in addition to improving the power flow management of the network, helps with transient, voltage stability, and reactive power management of the network [3] . However, installation of a FACTS requires a capital investment. This investment has a diminishing rate of return which implies that as the number of installations increases, the marginal reduction in cost decreases. Therefore, to meet the capital investment budget, it is important to identify an optimal order for the location and size of the FACTS installations. We refer to this problem as the FACTS location-allocation problem. The location aspect of the problem, identifies the optimal transmission lines for placement of a FACTS, while the allocation aspect identifies the optimal setting or the level of compensation needed for each FACTS installed to relieve the congestion and generation redispatch.
A popular type of FACTS device that has been in use since the 1950s adds a series capacitance to the line, thereby decreasing the total reactance of the line. To achieve maximum flexibility in managing the reactance of the line, a thyristor-controlled series capacitor (TCSC), rather than a fixed series compensation (FSC), is used. TCSCs are more expensive than FSCs; however, they provide the real-time capability to respond to network conditions by dynamically adjusting the amount of compensated reactance. The cost of TCSCs is generally a function of the maximum amount of compensation that they can provide [4] .
In general, the TCSC location-allocation problem is a nondeterministic polynomial-time (NP)-hard nonlinear problem because of the AC nonlinearity and combinatorial nature of allocation.
The most popular procedure used for the FACTS locationallocation problem is the heuristic method. In [5] , a genetic algorithm is used to find the location and level of compensation; however, the cost of a FACTS is not considered. In [6] , hybrid particle swarm optimization is used to determine the level of compensation of an installed FACTS, assuming the ideal location of the FACTS is known. Their model minimizes the total cost including the cost of the FACTS. More examples of heuristic types of procedures applied to the FACTS location-allocation problem are found in [7] - [9] .
Another popular procedure is linear priority indices used mostly for identifying the location of TCSCs. Reference [10] proposed two indices, locational marginal pricing (LMP) difference and congestion rent factor, for creating a priority list for TCSC placement. References [11] and [12] offered two indices for finding the best location and settings for TCSCs. In general, priority indices provide a simple approach for TCSC placement and are very deficient with respect to TCSC settings. Furthermore, solutions obtained by use of priority indices are not robust across applications because the solution obtained may vary widely from an optimal solution.
Optimization models and an exhaustive search also have been utilized for the TCSC location-allocation problem. In [13] and [14] the authors used line-flow-based (LFB) equations to find the optimal location and setting of a TCSC. However, Reference [15] shows that LFB equations are valid for modeling radial but not meshed networks. Therefore, application of LFB equations in the FACTS location-allocation problem is limited. References [16] - [18] used an exhaustive search to find the optimal location and setting of TCSC devices. However, the exhaustive search approach is computationally very expensive for practical problems.
We propose a new procedure for the optimal locationallocation of TCSCs. The problem is formulated as a nonlinear mixed integer program and a Benders' decomposition (master and sub-programs) approach is used to solve the problem. The master program identifies the locations of TCSCs. The locations obtained from the master program are used as constraints in the sub-program, and the dual of those constraints are used to form Benders' cuts for the master program. We consider the cost of a TCSC as a nonlinear function of its operating point. The load uncertainty is accounted for in the form of probabilistic scenarios that are generated from a discretized annual load-duration curve. The contributions of this paper are twofold. First, we explicitly consider the AC characteristics of the network and formulate a stochastic nonlinear mixed integer program and solve it through decomposition rather than using a heuristic algorithm. In our proposed formulation we explicitly account for the cost of installing TCSCs and take a practical approach for considering the load uncertainty. Second, it determines the optimal location and setting of TCSCs through one optimization procedure rather than two separate procedures; one for finding location and another one for finding the optimal settings. We utilized the IEEE 118-bus system to demonstrate the fidelity of the proposed procedure and to develop new insights into the TCSC location-allocation problem. The remainder of this paper is organized as follows. Section II discusses the effect of placing a TCSC on a transmission line. Section III presents the formulation of the nonlinear optimization model for the TCSC location-allocation problem, and Section IV describes the model solution procedure. Section V presents the results of numerical experiments conducted for the IEEE 118-bus system and presents sensitivity analyses to enhance our understanding of TCSC location-allocation problem. Finally, in Section VI, some concluding remarks are made.
II. MODELING A TCSC COMPENSATED TRANSMISSION LINE
For design and analysis purposes, a transmission line with a TCSC is modeled, as shown in Fig. 1 , where the TCSC is modeled as a controllable reactance −jx c under the steady state conditions [19] .
After installing a TCSC on transmission line l between buses m and n, the compensated reactance of the line is Currently, TCSCs are capable of providing a reactance compensation level that bounds the value of γ m nl between 0 and 0.7 [10] . Consequently, the feasible bounds for the value of λ m nl will be between 0 and 2.33. The reactance compensation provided for a transmission line extends the stability limit of the line. However, the stability limit must be less than or equal to the thermal limit of the line.
III. THE OPTIMIZATION PROCEDURE
To alleviate network congestion and minimize the generation cost, a procedure for finding the optimal locations and allocation of TCSCs on a transmission network must consider the conservation of both real and reactive power at each bus as well as the cost of installing TCSCs. This consideration renders a non-convex solution space and results in a nonlinear objective function and constraints. In addition, since the placement of a TCSC is a binary decision, i.e., either a TCSC is placed or it is not, the optimal location and sizing model becomes a mixed integer nonlinear program (MINLP). Such a MINLP is represented by Equations (1) through (16) . (16) where L = {p k , q k , θ, v, u, λ}. Equation (1) represents the objective function that minimizes the generation cost and investment cost of installing TCSCs. Equations (2) and (3) (7) and (8) ensure, for either flow direction, that the stability (when a TCSC is not placed, i.e., u m nl = 0) and thermal (when a TCSC is placed, i.e., u m nl = 1) limits of the line are not violated. Active and reactive power limits of generators are considered in Equations (9) and (10) . Voltage magnitude and voltage angle limits at each bus are also taken into account in Equations (11) and (12), respectively. Equation (13) sets the reference bus phase angle to zero. The limit on the level of compensation is provided by Equation (14) . Constraint (14) also ensures that while u m nl = 0, the level of compensation is also equal to zero. The upper boundary on the number of TCSCs that could be placed is considered in Equation (15) . Expression (16) defines the sets of variables in the model. The cost of an installed TCSC in Equation (1) is a function of its operating condition. In Reference [20] the investment cost of an installed TCSC is represented as a function of its operating condition by the following equation,
MINLP:
where Φ TCSC is the cost of installed TCSCs and S TCSC is the operating point of a TCSC in MVar. We assume this cost function is valid for the economic lifespan of the TCSC. Since the unit of the generation cost is $/hr, cost of TCSCs also should be converted to the same unit. To do the conversion, we use the capital recovery factor (CRF) [21] , Equation (18) , and assume the economic life span (LT ) of the TCSC is in years, and the prevailing interest rate (ir) is in percentage/year. The expression in (19) used (18) to convert the investment cost of a TCSC to an hourly term.
The formulated MINLP model considers only one instance of the load level. However, the load level, in general, is random. We account for this uncertainty in our solution approach while determining the optimal location-allocation of TCSCs in a network.
IV. SOLUTION APPROACH
We consider the uncertainty of the load and employ the concept of generalized Benders' decomposition [22] - [28] to develop an iterative procedure for obtaining the optimal solution to the MINLP model. The procedure decomposes the model into a mixed integer linear program (MILP) that serves as the master program, and a nonlinear program (NLP) that serves as the sub-program. The MILP would be a DC approximation of the MINLP while the NLP would retain the AC characteristic of the MINLP. The MILP and NLP are placed in a loop that iteratively confines the feasible region and arrives at an optimal solution.
To construct the MILP, we utilize the DC approximation that ignores conservation of reactive power, as represented by Equation (3), and assumes that the difference between the phase angles of two adjacent buses is very small. In the MINLP, the term
(1 + λ m nl ), is multiplied by the difference in phase angles of the respective buses. Since both λ m nl and θ m are decision variables and they are multiplied together, Equation (4) still remains nonlinear after the DC approximation. To linearize this equation, we employ a successive linear approximation [29] suitable for our iterative process. The master program, i.e., MILP, for the νth iteration of the procedure is represented as follows, MILP:
where L = {θ, p k , λ, u}. Equation (20) is the objective function of the master program. The first term is the generation cost. The second term represents the investment cost of the TCSC, and the adjustment cost of active and reactive power generation and voltage level that are needed to ensure AC feasibility.
Equations (21) and (22) are the DC approximations of Equations (2) and (4) of the MINLP, respectively. The phase angle values obtained from the solution of the ν − 1th iteration of the master program are used to linearize the products of two decision variables. Equation (23) represents Benders' cut, generated one per iteration from the results of the sub-program ensuring AC feasibility when TCSCs are placed in the network.
The term φ j in Equation (23) denotes the objective value of the sub-program. For the iteration ν = 0, Equation (23) is not included in the master program. Equations (24) and (25) are the same as Equations (7) and (8) for DC optimal power flow (DCOPF). Equation (26) ensures that the difference in phase angles at the two ends of a line does not cause the power flow to exceed the stability limit of the line. Constraint (27) comprises the set of constraints for power generation limits, bus voltage angle limits, the number and compensation level of installed TCSCs limits, and the phase angle of the reference bus. Finally, Expression (28) defines the sets of variables in the master program. It is worth noting that the initial phase angle values are obtained by solving a standard DCOPF model for the base case.
We consider AC characteristics of the network and the load uncertainty in the sub-program. To construct the sub-program NLP, we use the optimal location of the TCSCs,ū m nl , and the active generated power,p k , obtained from solving the MILP. To ensure the feasibility of the sub-program, slack variables are employed to adjust the upper and lower bound of active and reactive power generation and voltage limits. The sub-program (NLP) for the νth iteration is as follows, NLP:
(6)- (8), (12), (13) (38)
Equation (29) is the objective function of the sub-program which minimizes the expected cost of adjustments plus the expected cost of TCSC investment over all scenarios. Equation (30) is the same as Equation (2), while the slack variables are added to make it feasible for all load scenarios. Equation (31) ensures the conservation of reactive power at each bus for all scenarios. By adding the two positive slack variables into Equations (32)- (34), it is ensured that the fixed variables from the master program are feasible for all scenarios. Constraints (35)-(37) ensure the nonnegativity restriction on slack variables. Constraint set (38) represents five constraints of the MINLP model. Note that the maximum compensation level in each sub-program cannot be more than the compensation level found in the master program which is already installed in the system. Constraint (39) represents the upper bound of the compensation level derived from the MILP. Equations (40) and (41) set the location of the TCSC and active power generation to those obtained from the master program. The duals associated with these constraints are represented by α and μ, respectively.
To construct the Benders' cut for the MILP model, we use the expected value of dual variables associated with Constraints (40) and (41), as shown by Equations (42) and (43), 
The procedure will stop when Constraint (45) is satisfied, Smaller results in higher solution accuracy at the cost of longer solution time. When computation time is an issue, an alternative stopping criterion that specifies an upper bound on the number of iterations can be added to the stopping criteria of Equation (45). In this case, whichever stopping criterion is satisfied will cause the procedure to stop. We use a slightly modified IEEE 118-bus test system to demonstrate the application of the optimization procedure and to highlight the complexity of the TCSC location-allocation problem. The IEEE 118-bus system has 186 transmission lines and 54 generators. Total active and reactive base loads are 4242 MW and 1438 MVar, respectively. Additional data about this system can be found in [30] - [32] .
We set the penalty terms in the sub-program NLP as ψ v = 500 and ψ q = 500, and the desired solution accuracy as = 0.01% for the stopping criterion. It is worth noting that the values of penalties have direct effect on the convergence speed. Very large penalties may result in solution fluctuation and delay in solution convergence. On the other hand, small penalties may result in an infeasible solution [33] . It is assumed that v min = 0.94 p.u. and v max = 1.06 p.u. for all buses. We assume the life span of the TCSC is five years and the interest rate is 5% per year. Fifteen different load scenarios have been selected as shown in Table I . The procedure is implemented by using CPLEX 12.6 and CONOPT under GAMS [34] on a DELL Inspiron 3847 computer with Intel Core-i7 processor at 3.6 GHz and 16 GB of RAM memory.
For the base load, and without installing any TCSCs, the generator at Bus 61 at a cost of $62.5/MWh is dispatched at 20.6MW, while the generator at Bus 65 at a cost of $25.58/MWh and the generator at Bus 10 at a cost of $22.22/hr are not dispatched. One can surmise that the reason for not dispatching a cheaper generator is transmission line(s) congestion. We applied the proposed optimization procedure to the IEEE 118-bus system. Table II shows the optimal solution for η ∈ {1, 2, 3, 4}. The expected cost column consists of the generation cost determined by the master program, and the expected adjustment cost and the average cost of installed TCSCs over all scenarios determined by the sub-program. The last column in Table II represents the time to obtain the optimal solution. It is observed that: a) the expected cost decreases as the number of TCSCs increases; b) lines selected for TCSC installation do not form a nested set as η increases; c) it is observed that the calculation time does not have a direct relationship with η; and d) the two bold lines in Fig. 3 representing Lines 97 and 100, are ranked as the first and the second candidates for individual compensation based on congestion rent index. However, Results of the proposed procedure demonstrates while η = 2, Lines 97 and 106 are selected for compensation. Therefore, using the priority index for more than one TCSC is not always reliable. Fig. 4 illustrates the conversion to the optimal solution for η ∈ {1, 2, 3, 4}. The vertical axis corresponds to the expected cost while the horizontal axis illustrates the number of iterations. Now, we consider two one-way sensitivity analyses. First, we investigate the effect of changing the maximum level of allowed compensation for a potential line on the solution of Table II . Second, we investigate the effect of changing the operating voltage range of the buses on the solution of Table II .
A. Changing the Maximum Compensation Level
The maximum compensation level is decreased from λ max = 2.33 to λ max = 0.25 or equivalently γ max = 70% is decreased to γ max = 20%. been replaced by Line 100 between Buses 62 and 66. As expected, increasing the number of allowed TCSCs results in lower expected cost. Note that the cost of a TCSC is a function of its operating point; therefore, decreasing the maximum level of compensation results in lower TCSC cost. Also, here the set of selected lines is nested as the value of η increases.
B. Extending the Voltage Range
We changed the operating voltage range of the buses from 0.94 p.u. ≤ v ≤ 1.06 p.u. to 0.5 p.u. ≤ v ≤ 1.2 p.u. Table IV shows the optimal placement of TCSC devices as well as the compensation level for η ∈ {1, 2, 3, 4}. As presumed, the expected cost in this case is lower than the expected cost in Table II. The sets of selected lines when placing TCSCs are mostly the same as those in Table II 
VI. CONCLUSION
We proposed a new procedure for optimal location-allocation of a TCSC in a power transmission network. At the core of this procedure there is a two-stage stochastic program. The first stage identifies the optimal placement and an upper limit on the number of TCSCs. The second stage checks the AC feasibility of the solution obtained in the first stage for different load scenarios to account for load uncertainties. A generalized Benders' decomposition approach that considers both the active and reactive power flow of the transmission network has been employed to solve the problem iteratively.
The IEEE 118-bus was used to test the fidelity of the proposed procedure and enhance our understanding of the TCSC location-allocation problem. The results showed: a) both the location and the size of compensation (allocation) are important decision variables, and there are optimal location and compensation levels for installing TCSC devices; b) a heuristic procedure, such as a congestion rent, may not identify the correct lines for compensation in order to alleviate the congestion; c) changing the maximum compensation level and the range of operating voltages result in a change to the sets of selected transmission lines for compensation; d) the optimal placement of TCSCs depends on the load level and the upper bound on the number of TCSCs that could be placed; e) since the cost of a TCSC is a function of its operating point, the optimal placement of TCSCs requires explicit consideration of TCSCs installation costs under different load conditions; and f) computation time and the number of allowed TCSCs in the system does not have a direct relationship.
